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We study the spontaneous emission of a qubit interacting with a one-dimensional waveguide
through a realistic minimal-coupling interaction. We show that the diamagnetic term A2 leads to
an effective decoupling of a single qubit from the electromagnetic field. This effects is observable
at any range of qubit-photon couplings. For this we study a setup consisting of a transmon that is
suspended over a transmission line. We prove that the relative strength of the A2 term is controlled
with the qubit-line separation and show that, as a consequence, the spontaneous emission rate of
the suspended transmon onto the line can increase with such separation, instead of decreasing.
When the vacuum Rabi frequency, Ω, of an electromag-
netic mode is much smaller than the bare frequency of
the excitation to whom it couples, ω, the simple Jaynes-
Cumming or Tavis-Cumming models capture the main
features of light-matter interaction and cavity QED [1, 2].
However, already for a normalised coupling Ωω > 0.1,
the Rotating Wave Approximation (RWA) that justifies
those solvable models fails [3]. In this ultrastrong cou-
pling (USC) regime, light-matter interaction must be de-
scribed beyond RWA, using the Rabi [4] and Hopfield-
Bogoliubov [5] models, that correctly describe the ground
state squeezing and asymmetric splitting [6–9]. The USC
regime, observed for the first time only few years ago [10],
has now been achieved in many solid-state cavity quan-
tum electrodynamics setups [11, 13–18], with an actual
coupling record of Ωω = 0.87 [19]. When the normalised
coupling becomes of the order one, also the aforemen-
tioned non-RWA models fail. In this regime, named deep
strong coupling (DSC) [20], the localised dipolar interac-
tion dominates and a real-space description with many
excited photonic modes becomes essential.
Our understanding of such a deep non-perturbative
regime is still incomplete [21–24]. A first, recent counter-
intuitive result is that light and matter eventually decou-
ple in the DSC regime: the spontaneous emission rate of
the system dramatically decreases, instead of increasing,
with the coupling strength [25]. This decoupling is as-
sociated with the presence of the diamagnetic term A2,
that expels modes away from the emitter. Still, the de-
coupling has been rigorously proved only for linear sys-
tems —a perfect planar metallic cavity coupled to a 2D
sheet of dipoles—, and the link of the decoupling effect
with the A2 term remains a hypothesis. Indeed, with-
out diamagnetic term, the model in Ref. [25] becomes
unstable and undergoes a superradiant phase transition
[26–28], impeaching a comparison of DSC physics with
and without A2.
The first major result of this Letter is to prove that this
decoupling effect happens already at the single dipole or
qubit limit, at all levels of interaction strength. We ar-
rive at this result by studying the nonlinear interaction
between a two-level system and a one-dimensional waveg-
dz
FIG. 1. The spontaneous emission of a superconducting
qubit, such as a transmon, suspended on top of a transmis-
sion line depends non-monotonically on the separation from
the line, z, because of the influence of the A2.
uide, modeled by the Ohmic spin boson model [29, 30],
and proving that the spontaneous emission rate of the
two-level system decreases due to the A2 term.
The second major result is the possibility of measur-
ing the A2 term and its effect, using a superconducting
transmon qubit [31, 32] that is suspended on top of a
microwave guide [cf. Fig. 1]. This setup, which profits
from the ever improving coherence properties [33, 34] and
strong interaction [11, 12, 35] of superconducting circuits,
was introduced in Ref. [36] as an ultrasensitive scanning
probe that can, among other things, analyze locally com-
plex quantum simulators [37]. In this work we prove that
the same setup allows a control of the relative strength
of the diamagnetic term through the separation between
the qubit and photon planes. The striking consequence
of this control is that the coupling between the qubit and
the line first increases and then decreases as the qubit is
moved away from the line. Moreover, this non-monotonic
behavior is observable with existing transmon technology
and does not need of DSC/USC regimes. Finally, the
same setup can be used to explore other effects of the A2
term, including many-qubit phase transitions [38].
This Letter is structured as follows. We start by in-
troducing a generalised spin-boson model formally de-
scribing a qubit coupled to the open line, including the
diamagnetic term, and demonstrating that (i) the spec-
tral function of the model is always Ohmic and (ii) the
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FIG. 2. Spectral properties without the A2 term (∆ = 0), as a function of the normalized frequencies νk = ωk/ω0 and momenta.
Mode eigenfrequencies (a) and spectral functions for the capacitive (b) and inductive coupling (c). The simulation assumes a
waveguide with L = 10λ0, where λ0 is the wavelength associated to ω0, and uses M = 40, 80, 160 and 320 modes to extrapolate
the dispersion relation.
effective coupling decreases with the strength of the A2
term. We then specialise the model to describe a partic-
ular microscopic setup, namely a transmon capacitively
coupled to the transmission line. The microscopic prop-
erties of the circuit are related to the parameters in the
spin-boson model, allowing us to rigorously discuss the
experimental requirements for the observation of the de-
coupling effect. We find that the decoupling takes place
not only in the DSC regime, but for all regimes of qubit-
line coupling, opening to the possibility to observe such
counter-intuitive effect with present day experiments.
Using the qubit gap ω0 as unit of energy, the spin-
boson model in reads
H = 1
2
σz +H∆ + dσxF, (1)
The photonic Hamiltonian, H∆ =
∑
k νka
†
kak + ∆F
2,
includes the quadratic diamagnetic term weighted by the
parameter ∆. The operator F =
∑
k fk(ak+a
†
k) depends
only on the normal modes (fk ∝ √νk), and describes the
field that interacts with the qubit through the dipole d.
The strength of the light-matter interaction in the
spin-boson model is determined by the spectral function
J(ν) = 2pi
∑
k d
2|fk|2δ(ν − νk). When ∆ = 0 we recover
the usual spin-boson model, characterized by the Ohmic
spectral function [29, 30] J(ν; ∆ = 0) = d2 × 2piαν1,
where α contains the details of fk. When ∆ 6= 0, we
can recover again the usual spin-boson model by diago-
nalising the photonic Hamiltonian H∆, and rewriting the
Hamiltonian in terms of its ∆-dependent normal modes,
H = 1
2
σz +
∑
n
[
νn(∆)a
†
nan + dfn(∆)σ
x(an + a
†
n)
]
. (2)
The mode frequencies and couplings now depend on ∆
[40], but it will be shown that the new spectral function
remains Ohmic, albeit with a reduced coefficient α(∆).
The problem is still computationally underspecified,
lacking a precise expression of the field weights fk. We
recall a model for a microwave guide as a chain of coupled
oscillators, [qn, φm] = i~δnm, characterized by the cutoff
frequency νc
H∆ = 1
2
M−1∑
i=0
[
q2i + ν
2
c (φi − φi+1)2
]
. (3)
For periodic boundary conditions, the lattice is diagonal-
ized by plane waves with quasimomenta k = 2pi/L × Z,
where L = Mδx is the actual resonator size and δx is
the spacing of the discretisation. The lattice dispersion
is approximately linear around the qubit, νk = v|k|, with
a large cutoff νc = v/δx 1 and a speed that we use to
define a length scale, v = 1 . This leads to expressions of
the field operators qj and φj
φj =
∑
k
1√
2νk
(
eikxj√
M
ak + H.c.
)
, (4)
qj =
∑
k
√
νk
2
(−ieikxj√
M
ak + H.c.
)
(= ∂tφj).
Note that, while φ and q are related to the flux and charge
operators in circuit-QED, they lack microscopic parame-
ters (inductances, capacitances, etc) that are abstracted
into the dipole moment d and quadratic weight ∆.
We contemplate two types of F operators, reproduc-
ing the transmon’s and charge-qubit’s capacitive coupling
to the voltage of the transmission line, F (cq), and the
flux qubit’s inductive coupling to the intensity running
through the line, F (fq)
F (cq) ∼ δx−1/2qx, (5)
F (fq) ∼ δx−3/2(φx+1 − φx).
These expressions ensure that the spectral function is
independent of the discretization at low energies [41]
J (cq,fq)(ν; ∆ = 0) =
∑
k
4pi
νk
L
d2δ(ν − νk), (6)
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FIG. 3. Light-matter decoupling in presence of the A2 term
(  6= 0). Panel (a): spectral function for various values of
  in a model with F (cq) coupling. Panel (b): value of the
coe cient ↵ in a fit to J(⌫; ) = 2⇡↵( )⌫1 for the couplings
F (cq) and F (fq). In both sets of simulations L = 10 0, and
v = 1.
independent of the discretization at low energies [35]
J (cq,fq)(⌫;  = 0) =
X
k
4⇡
⌫k
L
d2 (⌫   ⌫k), (6)
and leads to the expected Ohmic behavior.
We now regard the e↵ect of the F 2 term. We recast
the resonator Hamiltonian in the matrix form H  =
1
2q
T Cˆ q +  T Lˆ , and diagonalize it with a canonical
transformation. The new eigenmodes and eigenfrequen-
cies are used to reexpress the F operator and compute
the new spectral function, J(⌫; ). In order to do this,
we first fix a length L = 10 0 = 20⇡v/!0 that ensures
a small level spacing d⌫ = 2⇡v/L!0 ⌧ 1. We then di-
agonalize the problem for increasingly finer discretiza-
tions,  x, doing a finite size scaling to obtain the pairs of
frequencies and couplings, {⌫n( ), fn( )}, in the limit
 x! 0. Using these values we compute a function
D(⌫) =
Z ⌫
0
d⌫0J(⌫0) ' 2⇡
X
⌫n( )⌫
|dfn( )|2. (7)
This function is fitted to the appropriate expression and
then di↵erentiated to obtain J(⌫). It is quite crucial
to work carefully with the interpolation of the function
D(⌫), to eliminate finite size and discretization e↵ects
that do not contribute in the limit  x! 0.
In Fig. 2 we exemplify the procedure using the linear
case (  = 0). Note how the frequencies converge to a lin-
ear dispersion relation, ⌫n(0) = 2⇡v/L+O( x), already
for 60 modes. The spectral function also comes linear
quickly, J(⌫, 0) ⇠ ↵⌫1 + O( x), allowing us to extrap-
olate the coe cient ↵ in the continuum limit,  x ! 0.
Once we learn how to characterize the linear case, we can
apply the same procedure to the model with quadratic
terms. In Fig. 3(a) we show the outcome of these simu-
lations for a capacitive coupling, F (cq). As shown in the
plot, the model remains Ohmic, but the slope is changed,
decreasing with increasing . In practice this means that
the parameter ↵ describing the coupling strength rapidly
decreases with  . This is observed for both F (cq) and
F (fq), as shown in Fig. 3(b). In particular, the capacitive
coupling can be fit
2⇡↵(cq) = (1 + 6.77 ) 2.57, (8)
undistinguishable from the actual plot in Fig. 3b.
So far we have been working with a dimensionless
rewrite of the spin-boson model, where the microscopic
parameters were abstracted into the dipole moment of
the qubit d and the weight of the quadratic term  . In
actual physical systems, both d and   depend on simi-
lar physical parameters and the decrease of ↵( ) could
be masked. We argue that this is not the case, even for
optical systems (atoms, molecules) that are constrained
by the Thomas-Reiche-Kuhn rule [28, 29], which in our
system reads     d2. If we assume, without loss of gen-
erality [36], a behaviour such as the one in (8), we find a
bound JTRK(⌫)/⌫  d2(1 + 6.77d2) 2.57, which actually
decreases with d for large couplings.
Building on the confidence inspired by the previous ar-
gument, we now move to an actual physical system. We
will consider a setup that consists of a transmon capac-
itively coupled to an open transmission line, as depicted
in Fig. 1. The transmon is suspended over the line at a
certain height, but the equivalent circuit to this setup,
shown in Fig. 4(a), is similar to the one for an in-plane
transmon. The Hamiltonian, H = Hqb + Hint + H ,
reads
Hqb =
q2J
2C⌃
  EJ cos(2e J/~), (9)
Hint =
Cc
C⌃
qJ@t (0, t),
H  =
C2c
2C⌃
@t (0, t)
2 +
Z L/2
 L/2
q(x, t)2
2c0
+
@x (x, t)
2
2l0
dx.
The first line provides the qubit eigenenergies, 12~!0 
z,
built from the canonical variables of the transmon: the
flux  J and the charge qJ . The second term in this line
is the capacitive coupling between the qubit and the line,
d xF , which is a function of the coupling and total ca-
pacitances, Cc and C⌃ = Cc + CJ . Finally, the third
term contains the line Hamiltonian for its charge and
flux distributions, q(x, t) and  (x, t), renormalized by the
quadratic term that arises from the qubit-line coupling.
The capacitance and inductance per unit length deter-
mine the speed of light v = (c0l0)
 1/2 and also appear in
the particular expression of the coupling operator
@t (x, t) =
X
k
r
~!k
2c0
✓
i
e i(⌫t kx)p
L
ak +H.c.
◆
. (10)
Substituting the expression for the field and relating it to
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FIG. 2. Spectral properties without the A2 term (  = 0), as a function of the normalized frequencies ⌫ = !k/!0 and momenta.
Mode eigenfrequencies (a) and spectral functions for the capacitive (b) and inductive coupling (c). The simulation assumes a
waveguide with L = 10 0, where  0 is the wavelength associat d to !0, and uses M = 40, 80, 160 and 320 m de to extrapolate
the dispersion relation.
e↵ective coupling decreases with the strength of the A2
term. We then specialise the model to describe a partic-
ular microscopic setup, namely a transmon capacitively
coupled to the transmission line. The microscopic prop-
erties of the circuit are related to the parameters in the
spin-boson model, allowing us to rigorously discuss the
experimental requirements for the observation of the de-
coupling e↵ect. We find that the decoupling takes place
not only in the DSC regime, but for all regimes of qubit-
line coupling, opening to the possibility to observe such
counter-intuitive e↵ect with present day experiments.
Using the qubit gap !0 as unit of e ergy, the spin-
boson model in reads
H = 1
2
 z +H  + d xF, (1)
The photonic Hamiltonian, H  =
P
k ⌫ka
†
kak +  F
2,
includes the quadratic diamagnetic term weighted by the
parameter  . The operator F =
P
k fk(ak+a
†
k) depends
only on the normal modes (fk / p⌫k), and describes the
field that interacts with the qubit through the dipole d.
The strength of the light-matter interaction in the
spin-boson model is determined by the spectral function
J(⌫) = 2⇡
P
k d
2|fk|2 (⌫   ⌫k). When   = 0 we recover
the usual spin-boson model, characterized by the Ohmic
spectral function [31, 32] J(⌫;  = 0) = d2 ⇥ 2⇡↵⌫1,
where ↵ contains the details of fk. When   6= 0, we
can recover again the usual spin-boson model by diago-
nalising the photonic Hamiltonian H , and rewriting the
Hamiltonian in terms of its  -dependent normal modes,
H = 1
2
 z +
X
n
⇥
⌫n( )a
†
nan + dfn( ) 
x(an + a
†
n)
⇤
. (2)
The mode frequencies and couplings now depend on  
[33], but it will be shown that the new spectral func-
tion remains Ohmic, albeit with a reduced renormalised
coe cient ↵( ).
The problem is still computationally underspecified,
lacking a precise expression of the field weights fk. With-
out loss of generality [34], we recall a model for a mi-
crowave guide as a chain of coupled oscillators, [qn, m] =
i~ nm, characterized by the cuto↵ frequency ⌫c
H  = 1
2
M 1X
i=0
⇥
q2i + ⌫
2
c ( i    i+1)2
⇤
. (3)
For periodic boundary conditions, the lattice is diagonal-
ized by plane waves with quasimomenta k = 2⇡/L ⇥ Z,
where L = M x is the actual resonator size and  x is
the spacing of the discretisation. The lattice dispersion
is approximately linear around the qubit, ⌫k = v|k|, with
a large cuto↵ ⌫c = v/ x  1 and a speed that we use to
define a length scale, v = 1 . This leads to expressions of
the field operators qj and  j
 j =
X
k
1p
2⌫k
✓
eikxjp
M
ak +H.c.
◆
, (4)
qj =
X
k
r
⌫k
2
✓ ieikxjp
M
ak +H.c.
◆
(= @t j).
Note that, while   and q are related to the flux and charge
operators in circuit-QED, they lack microscopic parame-
ters (inductances, capacitances, etc) that are abstracted
into the dipole moment d and quadratic weight  .
We contemplate two types of F operators, reproduc-
ing the transmon’s and charge-qubit’s capacitive coupling
to the voltage of the transmission line, F (cq), and the
flux qubit’s inductive coupling to the intensity running
through the line, F (fq)
F (cq) ⇠  x 1/2qx, (5)
F (fq) ⇠  x 3/2 v
2
( x+1    x).
These expressions ensure that the spectral function is
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independent of the discretization at low energies [35]
J (cq,fq)(⌫;  = 0) =
k
4⇡
⌫k
L
d2 (⌫   ⌫k), (6)
and leads to the expected Ohmic behavior.
We now regard the e↵ect of the F 2 term. We recast
the resonator Hamiltonian in the matrix form H  =
1
2q
T Cˆ q +  T Lˆ , and diagonalize it with a canonical
transformation. The new eigenmodes and eigenfrequen-
cies re use to reexpress the F operator and compute
the new spectral function, J(⌫; ). In order to do this,
we first fix a length L = 10 0 = 20⇡v/!0 that ensures
a small level spacing d⌫ = 2⇡v/L!0 ⌧ 1. We then di-
agonalize the problem for increasingly finer discretiza-
tions,  x, doing a finite size scaling to obtain the pairs of
frequencies and couplings, {⌫n( ), fn( )}, in t e limit
 x! 0. Using these values we compute a function
D(⌫) =
Z ⌫
0
d⌫0J(⌫0) ' 2⇡
X
⌫n( )⌫
|dfn( )|2. (7)
This function is fitted to the appropriate expression and
th n di↵erentiated to obtain J(⌫). It is quite crucial
to work carefully with the interpolation of the function
D(⌫), to eliminate finite size and discretization e↵ects
that do not contribute in the limit  x! 0.
In Fig. 2 we exemplify the procedure using the linear
case (  = 0). Note how the frequencies converge to a lin-
ear dispersion relation, ⌫n(0) = 2⇡v/L+O( x), already
for 60 modes. The spectral function also comes linear
quickly, J(⌫, 0) ⇠ ↵⌫1 + O( x), allowing us to extrap-
olate the coe cient ↵ in the continuum limit,  x ! 0.
Once we learn how to characterize the linear case, we can
apply the same procedure to the model with quadratic
terms. In Fig. 3(a) we show the outcome of these simu-
lations for a capacitive coupling, F (cq). As shown in the
plot, the model remains Ohmic, but the slope is changed,
decre sing with increasing . In practice this means that
the parameter ↵ describing the coupling strength rapidly
decreases with  . This is observed for both F (cq) and
F (fq), as shown in Fig. 3(b). In particular, the capac tive
coupling can be fit
2⇡↵(cq) = (1 + 6. 7 ) 2.57, (8)
undistinguishable from the actual plot in Fig. 3b.
So far we have b en working with a dimensionless
rewrite of the spin-boson model, where the microscopic
para eters were abstracted into the dipole moment of
the qubit d and the weight of the quadratic term  . In
actual physical systems, both d and   depend on simi-
lar physical parameters and the decrease of ↵( ) could
be asked. e argue that this is not the case, even for
optical systems (atoms, molecules) that are constrained
by the Thomas-Reiche-Kuhn rule [28, 29], which in our
system reads     d2. If we assume, without loss of gen-
erality [36], a behaviour such as the one in (8), we find a
bound JTRK(⌫)/⌫  d2(1 + 6.77d2) 2.57, which actually
decreases with d for large couplings.
Building on the confidence inspired by the previous ar-
gument, we now move to an actual physical system. We
will consider a setup that consists of a transmon capac-
itively coupled to an open transmission line, as depicted
in Fig. 1. The transmon is suspended over the line at a
certain height, but the equivalent circuit to this setup,
shown in Fig. 4(a), is similar to the one for an in-plane
transmon. The Hamiltonian, H = Hqb + Hint + H ,
reads
Hqb =
q2J
2C⌃
  EJ cos(2e J/~), (9)
Hint =
Cc
C⌃
qJ@t (0, t),
H  =
C2c
2C⌃
@t (0, t)
2 +
Z L/2
 L/2
q(x, t)2
2c0
+
@x (x, t)
2
2l0
dx.
The first line provides the qubit eigenenergies, 12~!0 
z,
built from the canonical variables of the transmon: the
flux  J and the charge qJ . The second term in this line
is the capacitive coupling between the qubit and the line,
d xF , which is a function of the coupling and total ca-
pacitances, Cc and C⌃ = Cc + CJ . Finally, the third
term contains the line Hamiltonian for its charge and
flux distributions, q(x, t) and  (x, t), renormalized by the
quadratic term that arises from the qubit-line coupling.
The capacitance and inductance per unit length deter-
mine the speed of light v = (c0l0)
 1/2 and also appear in
the particular expression of the coupling operator
@t (x, t) =
X
k
r
~!k
2c0
✓
i
e i(⌫t kx)p
L
ak +H.c.
◆
. (10)
Substituting the expression for the field and relating it to
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e↵ective coupling decreases with the strength of the A2
term. We then specialise the model to describe a partic-
ular microscopic setup, namely a transmon capacitively
coupled to the transmission line. The microscopic prop-
erties of the circuit are related to the parameters in the
spin-boson model, allowing us to rigorously discuss the
experimental requirements for the observation of the de-
coupling e↵ect. We find that the decoupling takes place
not only in the DSC regime, but for all regimes of qubit-
line coupling, opening to the possibility to observe such
counter-intuitive e↵ect with present day experiments.
Using the qubit gap !0 as unit of e ergy, the spin-
boson model in reads
H = 1
2
 z +H  + d xF, (1)
The photonic Hamiltonian, H  =
P
k ⌫ka
†
kak +  F
2,
includes the quadratic diamagnetic term weighted by the
parameter  . The operator F =
P
k fk(ak+a
†
k) depends
only on the normal modes (fk / p⌫k), and describes the
field that interacts with the qubit through the dipole d.
The strength of the light-matter interaction in the
spin-boson model is determined by the spectral function
J(⌫) = 2⇡
P
k d
2|fk|2 (⌫   ⌫k). When   = 0 we recover
the usual spin-boson model, characterized by the Ohmic
spectral function [31, 32] J(⌫;  = 0) = d2 ⇥ 2⇡↵⌫1,
where ↵ contains the details of fk. When   6= 0, we
can recover again the usual spin-boson model by diago-
nalising the photonic Hamiltonian H , and rewriting the
Hamiltonian in terms of its  -dependent normal modes,
H = 1
2
 z +
X
n
⇥
⌫n( )a
†
nan + dfn( ) 
x(an + a
†
n)
⇤
. (2)
The mode frequencies and couplings o depend on  
[33], but it will be shown that the new spectral func-
tion remains Ohmic, albeit with a reduced renormalised
coe cient ↵( ).
The probl m is still computationally underspecified,
lacking a precise expression of the field weights fk. ith-
out loss of generality [34], we recall a model for a mi-
crowave guide as a chain of coupled oscillators, [qn, m] =
i~ nm, characterized by the cuto↵ frequency ⌫c
H  = 1
2
M 1
i=0
⇥
q2i + ⌫
2
c ( i    i+1)2
⇤
. (3)
For periodic boundary conditions, the lattice is diagonal-
ized by plane waves with quasimomenta k = 2⇡/L ⇥ Z,
where L = M x is the actual resonator size and  x is
the spacing of the discretisation. The lattice dispersion
is approximately li ear around the qubit, ⌫k = v|k|, with
a large cuto↵ ⌫c = v/ x  1 and a speed that we use to
define a length scale, v = 1 . This leads to expressions of
the field operators qj and  j
 j =
X
k
1p
2⌫k
✓
eikxjp
M
ak +H.c.
◆
, (4)
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(= @t j).
Note that, while   and q are related to the flux and charge
operators in circuit-QED, they lack microscopic parame-
ters (inductances, capacitances, etc) that are abstracted
into the dipole moment d and quadratic weight  .
We contemplate two types of F operators, reproduc-
ing the transmon’s and charge-qubit’s capacitive coupling
to the voltage of the transmission line, F (cq), and the
flux qubit’s inductive coupling to the intensity running
through the line, F (fq)
F (cq) ⇠  x 1/2qx, (5)
F (fq) ⇠  x 3/2 v
2
( x+1    x).
Th se expr ssions ensure that the spectral function is
f 2 t r
∆ 6 i f i l s f
∆ l : l f t e
ffi α ν ∆ piα ∆ ν f li s
l i λ0,
and lead to the expected Ohmic behavior.
We now regard the effect of the F 2 term. We recast
the resonator Hamiltonian in the matrix form H∆ =
1
2q
T C¯ q + φT L¯φ, and diagonalize it with a canonic l
transformation. The new eigenmodes and eigenfrequen-
cies are used to r xpress the F operat r and to com-
pute the new spectral function, J(ν; ∆). In order to do
this, we first fix a leng h L 10λ0 = 20piv/ω0 that en-
sures a small level spacing dν = 2piv/Lω0  1. We then
diagonalize the problem for increasingly finer discretiza-
tions, δx, doing a finite size scaling to obtain the pairs of
frequencies and couplings, {νn(∆), fn(∆)}, in the limit
δx→ 0. Using these values we compute a function
D(ν) =
∫ ν
0
dν′J(ν′) ' 2pi
∑
νn(∆)≤ν
|dfn(∆)|2. (7)
This functio is fitted to the appro riate expression and
then differentiated to obtain J(ν). It is quite cr cial
to work carefully with the interpolation of the function
D ν), to eliminate finite size and discre ization effects
that do not contribute in the limit δx→ 0.
In Fig. 2 we exemplify the procedure using the linear
case (∆ = 0). Note how the frequencies converge to a lin-
ear dispersion relation, νn(0) = 2piv/L+O(δx), already
for 60 modes. The spectral function also comes linear
quickly, J(ν, 0) ∼ αν1 + O(δx), allowing us to extrap-
olate the coefficient α in the continuum limit, δx → 0.
Once we learn how to characterize the linear case, we can
apply the same procedure to the model with quadratic
terms. In Fig. 3(a) we show the outcome of these simu-
lations for a capacitive coupling, F (cq). As shown in the
plot, the model remains Ohmic, but the slope is changed,
decreasing with increasing ∆. In practice this means that
the parameter α describing the coupling strength rapidly
decreases with ∆. This is observed for both F (cq) and
F (fq), as shown in Fig. 3(b). In particular, the capacitive
coupling can be fit 2piα(cq) = (1 + 6.77∆)−2.57, undistin-
guishable from the actual plot in Fig. 3b.
So far we have been working with a dimensionless
rewrite of the spin-boson model, where the microscopic
parameters ere abstracted i to he dipole moment of
the qubit d and he weight of the quadratic term ∆.
In actual physical systems, both d and ∆ depend on
similar physical parameters and, even if α(∆) decreases,
the product J(ν) ∝ d2α(∆) might not. We therefore
now incorporate an actual physical system to see the
interplay between both effects. We will study a trans-
mon capacitively coupled to an open transmission line,
as depicted in Fig. 1. The transmon is suspended over
the line at a certain height, but the equivalent circuit
to this setup, shown in Fig. 4(a), is similar to the one
for an in-plane trans on [39]. The circuit Hamiltonian,
H = Hqb +Hint +H∆, rea s
Hqb =
q2J
2CΣ
− EJ cos(2eφJ/~), (8)
Hint =
Cc
CΣ
qJ∂tφ(0, t),
H∆ =
C2c
2CΣ
∂tφ(0, t)
2 +
∫ L/2
−L/2
q(x, t)2
2c0
+
∂xφ(x, t)
2
2l0
dx.
The first line provides the qubit eigenenergies, 12~ω0σ
z,
built from the canonical variables of the transmon: the
flux φJ and the charge qJ . The sec d line is the ca-
pacitive coupling between the qubit and the line, dσxF ,
which is a function of the co pling and total capacitances,
Cc and CΣ = Cc + CJ . Fin lly, the third term contains
he line Hamiltonian for its charge and flux distributions,
q(x, t) and φ(x, t), renormalized by the quadratic term
that arises from the qubit-line coupling. The capacitance
and inductance per unit length determine the speed of
light v = (c0l0)
−1/2 and also appear in the particular
expression of the coupling operator
∂tφ(x, t) =
∑
k
√
~ωk
2c0
(
i
e−i(νt−kx)√
L
ak + H.c.
)
. (9)
Substituting the expression for the field and relating it to
the model that we solved numerically before, we obtain
~ω0 × dfk = |〈1| qJ |0〉| Cc
CΣ
√
~ωk
2c0L
, (10)
~ω0 ×∆fkf ′k =
C2c
CΣ
~
2c0L
√
ωkωk′ ,
where the charge oper tor is evaluated between wo
eigenstates of the qubit. We now recall a expression
for the cap citive coupling and express it in terms of
dimension-full quanti ies
f
(cq)
k =
√
ωk/ω0
2(Lω0/v)
. (11)
This leads to the relation
∆ =
C2c
CΣ
Z0ω0, d =
Cc
CΣ
× 2e
~
n¯Z
1/2
0 (12)
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FIG. 4. Relative value of the spontaneous emission rate as a
function of the normalize coupling capacitance, c = Cc/CJ ,
for a model with (solid) and without (dashed) A2 terms.
for the capactive coupling and express it in terms of
dimension-full quantities
f
(cq)
k =
s
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This leads to the relation
  =
C2c
C⌃
Z0!0, d =
Cc
C⌃
⇥ 2e
~
n¯Z
1/2
0 (14)
where Z0 =
p
l0/!0 is the impedance of the line and
n¯ = | h1| pJ |0i |/2e is the matrix element of the number
operator between two lowest transmon energy levels.
From these expressions it is clear that J(!) =
2⇡d2↵( )! cannot have a monotonic behavior with re-
spect to the coupling strength: while d2 grows as C2c , ↵
decreases with C2c and the product of both must saturate
or decrease at large couplings. To analyze this behavior
we introduce the relative capacitance c = Cc/CJ , with
which we can express the evolution of the spontaneous
emission rate of the qubit onto the line as
 (c)
 (1)
=
J(!; c)
J(!; c = 1)
= 4
c2
(1 + c)2
"
1 + /2
1 +  c
2
1+c
#2.57
, (15)
where  = 6.77C⌃Z0!0. This expression has to be com-
pared with the one that we would obtain without A2
renormalization, which would be
 (c)
 (1)
=
J(!; c)
J(!; c = 1)
= 4
c2
(1 + c)2
. (16)
Figure 4 shows the behavior of both functions for a trans-
mon qubit with CJ = 25fF, Z0 = 50⌦ and !0 = 2⇡7.5
GHz. Due to the weak anharmonicity, such a qubit is
not in the ultrastrong coupling regime and will typically
have coupling strengths g/!0 ' 5%. Nevertheless, even
for such a qubit we show evidence of the a non-monotonic
behavior of the spontaneous emission rate as a function
of c.
In order to experimentally probe this behavior we
would need a qubit with a tunable coupling capacitance.
Such a setup already exists: it consists on a mobile trans-
mon that is suspended on top on the transmission line [cf.
Fig. 1], as in the experiment by Houck [28]. By probing
di↵erent separations between the transmon an a trans-
mission line, and measuring how much energy the qubit
deposits onto the transmission line when spontaneously
decaying, one should see a similar dependence to the one
in Fig. 4, where c / 1/d.
Summing up, our study has shown that the A2 terms
can decrease the e↵ective light-matter coupling as mea-
sured by the parameter ↵. In practical setups, the same
microscopic parameters that allow increasing the dipo-
lar coupling strength, d, also cause a growth of the A2
terms. This has the consequence that the actual cou-
pling strength may initially grow and then either saturate
or decrease. This non-monotonic behavior occurs for all
ranges of the interaction, not only in the ultrastrong or
deep coupling regime, as we have shown by analyzing a
transmon qubit whose capacitive coupling to a transmis-
sion line is modulated. We expect that these results will
aid us in better understanding the actual limits in the
achievable light-matter interaction strengths, as well as
in the design of further superconducting circuits. More-
over, the implementation of an experiment such as the
one suggested in this work would represent the first ex-
perimental evidence of A2 in light-matter couplings and
could open the door to studies of the influence of these
terms in the superradiant phase transition.
This work has been realized with support from the
European project PROMISCE, the MINECO Project
FIS2012-33022 and the CAM Research Consortium
QUITEMAD.
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where Z0 =
√
l0/ω0 is the impedance of the line and
n¯ = |〈1| qJ |0〉| /2e is the matrix element of the number
operator between two lowest transmon energy levels.
From these expressions it is clear that J(ω) =
2pid2α(∆)ω cannot have a monotonic behavior with re-
spect to the coupling strength: while d2 grows as C2c , α
decreases with C2c and the product of both must saturate
or decrease at large couplings. To analyze this behavior
we introduc th relative capacitance c = Cc/CJ , with
which we can xpress the evolution of the spontaneous
emission rate of the qubit ont the l ne as
γ(c)
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=
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J(ω; c = 1)
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where κ = 6.77CJZ0ω0. This expression has to be com-
pared with the one that we would obtain without A2
renormalization, which would be(
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)
∆=0
= 4
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Figure 4(b) s ows the behavior of both functions for
a transmon qubit with CJ = 25fF, Z0 = 50Ω and
ω0 = 2pi × 7.5 GHz. Due to the weak anharmonicity,
such a qubit is not in the ultrastrong coupling regime
and is restricted to coupling strengths g/ω0 ' 5%. Nev-
ertheless, even then we show evidence of non-monotonic
behavior of the spontaneous emission rate as γ(c).
In order to experimentally probe this behavior we
would eed a qubit with a tunable coupling capacitance.
Such a setup already exists: it consists of a mobile trans-
mon that is suspended at a height z on top on the trans-
mission line [cf. Fig. 1], as in the experiment by Houck
[36]. By probing different separations between the trans-
mon an a transmission line, and measuring how much en-
ergy the qubit deposits onto the transmission line when
spontaneously decaying, one should see a similar depen-
dence to the one in Fig. 4(b), where c ∝ 1/z. N te that in
this analysis we have not considered the coupling to out-
of-plane electromagnetic modes as the qubit rises: these
decay channels add up to the total emission rate of the
qubit, but do not affect the emission into the line and
have a negligible contribution of A2.
Summing up, our study has shown that the A2 term
can decrease the effective light-matter coupling as mea-
sured by the Ohmic coupling parameter α. In practical
setups, the same microscopic parame ers that allow in-
creasing the dipolar coupling strength, d, al o c use a
growth of the A2 term. This has th consequence that
the a tual coupling strength will eventually saturate and
decrease. This non-mon tonic behavior ccurs for all
ranges of the interaction, not only in the ultrastrong or
deep coupling regime, as we have shown by analyzing a
transmon qubit whose capacitive coupling to a transmis-
sion line is modulated. We expect that these results will
aid us in better understanding the actual limits in the
achievable light-matter interaction strengths, as well as
in the design of further superconducting circuits. More-
over, the implementation of an experiment such as the
one suggested in this work would represent the first ex-
perimental evidence of both the light-matter decoupling
effect, as initially predicted for linear systems [25] here
extended to individual few-level systesm. Moreover, it
would also r present the fir t evid nce of the presence of
the A2 term in circuit qu ntum electrodynamics, and it
could open the door to studies of the influence of this
term i the superradiant phase transition.
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